Abstract When a solid projectile impacts a granular target, it experiences a drag force and abruptly comes to rest as its momentum transfers to the grains. An empirical drag force law successfully describes the force experienced by the projectile, and the corresponding grain-scale mechanisms have been deciphered for normal impacts. However, there is little work exploring non-normal impacts. Accordingly, we extend studies to explore oblique impact, in which a significant horizontal component of the drag force is present. In our experiments, a projectile impacts a quasi-two-dimensional bed of bidisperse photoelastic grains. We use high-speed imaging to measure high-resolution position data of the projectile trajectory and simultaneously visualize particle-scale force propagation in the granular medium. When the impact angle becomes important, the spatial structure of the stress response reveals relatively weak force chain propagation in the horizontal direction. Based on these observations, we describe the decrease of the inertial drag force with impact angle.
Introduction
Impact onto dry granular materials presents many complexities that are not well-understood, from the disordered contact networks that transmit forces among grains to the flow behavior that can readily change between solid-like rigidity and fluid-like flow [1, 2] . For instance, as a solid intruder impacts a dense granular medium, the target exerts a stopping force on the impeding projectile as grains displace and flow. The impact of a solid object on granular matter is ubiquitous in nature from locomotion on sand [3] to astrophysical crater formation [4] and accordingly is being actively explored in experiments and simulations [1, 5, 6, 7, 8, 9] .
Such investigations stem from the interest to understand the drag force on an intruder moving through granular media. The laws of Poncelet have sustained with time as an empirical description that successfully captures governing dynamics of low-velocity granular impact [10] . More recently, Katsuragi and Durian extended to a phenomenological law to describe forces of normal impacts [11] :
The terms of this force law include mg as the force of gravity, friction force f (z) as a function of its depth where z is the depth relative to the top of the granular surface, and a inertial drag force as a function of the square of the intruder velocity and h(z) which represents collisional stress [11, 12, 13] . The inertial drag force dominates the bulk of deceleration and models momentum transfer through collisions between the projectile to grains.
Recent work examines the connection between local granular response and the dynamics of the projectile via high-speed photoelastic visualization [12, 7] .
As proposed through experiments by Clark et. al. [14] and Bester et. al. [13] , the collisional model relates the inertial drag to the energy dissipated by intermittent collisions with force-carrying clusters of grains during penetration. Loss of energy to the medium has mean behavior consistent with the empirical force law and connected to the acoustic activity beneath the intruder [12] . The grain-scale origins of the inertial drag term of the impact force law was then linked to this mechanism [14, 13] .
The aforementioned work focused on perpendicularly impacting projectiles. Meanwhile studies of nonnormal impacts have been limited, focusing primarily with connections to aeolian sand transport [15] , where the size of the projectile is about the same as the size of target grains. Prior numerical simulations showed that the empirical drag force model can be extended the horizontal and vertical direction of oblique impact if the impact angle with the granular bed is above 30 degrees with the horizontal [16, 17 ]; a decomposed model described the resistance force exerted on the projectile impacting at different angles. Additionally, the effect of the projectile's rotation was investigated using two-dimensional simulation and shown to affect projectile displacement, with penetration depth being greatest when the rotation is zero and the horizontal displacement depending on the direction of rotation [18] .
Here we provide the first experimental study of the application of the collisional model to oblique impact using photoelastic imaging. We examine the kinematics and dynamics of a solid disk impacting obliquely into a two-dimensional photoelastic granular medium. The influence of impact velocity and impact angle on the projectile's trajectory is discussed. We also explore the rarely-studied role of rotation on the penetration of a projectile through granular media. The data is used to demonstrate the extenstion of the collisional model to the drag force of a projectile impacting granular media at an angle above 40 degrees.
Experiment
Figure 1(a) shows a schematic of our experimental setup; the apparatus is similar to previous experiments [12, 19, 7] . A bronze disk of radius R = 6.3cm impacts a quasi-two-dimensional system of bidisperse photoelastic grains (grain diameters d are 4.3mm and 6mm with a 3mm thickness) which are confined between two Plexiglas sheets separated by a 3.3mm gap. The grains are cut from urethane sheets (Vishay Precision group PS-1 with an elastic modulus of 2.5 GPa). The container width and depth are 1.2m and 0.75m respec- tively, which is large enough to minimize boundary effects [20, 21] .
For each experimental run, a disk travels down a chute that is lined with teflon and strikes the center of the free surface of the granular bed. A straight edge is used to level the surface before each run. The impact is recorded with a Photron Fastcam SA5 high-speed camera at 30000 frames per second and with a resolution of 448 x 504 pixels (1 pix = 0.67 mm). The impact angle of the projectile's trajectory θ imp is determined by finding the angle formed by the displacement of its center of mass with the horizontal and is varied by shifting the angle of the chute with the granular surface; θ imp varies from 40 degrees to 90 degrees.
To examine the disk's trajectory, we locate and track both the projectile center of mass position, which is decomposed into horizontal (x) and vertical (ẑ) components, and its angular position about the center of mass (θ proj ) at each frame. We measure θ proj with respect to the horizontal axis and set θ proj = 0 at the moment of impact, and the displacement of the projectile is determined relative to its location upon initial contact with the grains. Velocity V is then calculated by numerical differentiation of high-resolution displacement data. The total velocity of the disk in a fixed reference frame is V = V cm + r × Ω, corresponding to the motion of the center of the disk plus its motion about the disk center. We determine the translational velocity (V cm and Ω) as
where V x and V z are determined from the derivative of the raw position data in thex andẑ directions and measurement noise in the data is minimized using a gaussian filter with a width of 2.5% of the position data; angular velocity Ω is similarly calculated from θ proj . The disk is released at different heights above the granular bed to achieve an impact speed V cm,i ranging from 2.5 m/s to 5 m/s. It also has an initial angular speed Ω i upon impact and rotates as it displaces grains.
Photoelastic images are used to visualize the granular response to impact. When polarized light passes through birefringent granular material, the patterns of light indicate the stress state due to the intruder [22, 23] . Impact reveals the force chain network in which forces are carried along preferred directions of contacting grains. Figures 1(b) -1(f) show the evolution of force chain structure for an impact run for which V cm,i = 3 m/s and θ imp = 45
• . From photoelastic images, we can track the contact region of the intruder during its penetration and show that the force is highly fluctuating as granular networks are excited along the disk [12] . Collisions with clusters of force-carrying grains dissipate kinetic energy and stop the intruder. These force chains span along the direction of the intruder's trajectory and propagates normal to its surface.
Projectile trajectories
Through a series of experimental runs, we analyze the relationship between θ imp and trajectories from which we can assess the energy dissipation of the projectile. In fig. 2 , we display Z versus X for typical trajectories for which the disk impacts with similar V cm,i ≈ 4.5 m/s and at different θ imp . Here Z =X= 0 m corresponds with the position of the disk center at the moment of initial impact as determined from the photoelastic response. For each run, the disk follows a linear trajectory, maintaining θ imp with the horizontal as it comes to rest. Though it rotates during its motion through the granular medium, this does not influence the trajectory direction. No net resistance force acts to change the direction of the trajectory during its penetration. We note that for high V cm,i and low θ imp , trajectories have a minor circuitry at the end of the penetration, indicating slight rebound [21] . As the disk comes to rest, displaced grains then fall onto it; this may influence the rebound.
We determine the depth and horizontal displacement from the point of initial contact, as well as the corresponding velocities V x and V z as a function of time T , with T =0 being the moment of impact. Figure 3 fig. 3 (d) and find that r rapidly approaches its maximum penetration within 0.3 seconds. The total displacement of the disk increases with V cm,i for a chosen θ imp .
We also express total displacement r versus T , where
The disk rotates as it travels through the grains. We start by measuring the angular displacement θ proj of the disk for different impact speeds and at similar θ imp (see fig. 4(a) ). Positive values correspond with counterclockwise rotation of the projectile. Maximum rotational displacement tends to be proportional to V cm,i , though occasionally low impact speed runs lead to comparatively high angular displacement. This likely depends on Ω i imparted to the disk when propelling it towards the granular bed. During the trajectory, Ω(T) surprisingly has an approximately linear decline. The slope of Ω(T) gives the average angular acceleration α avg for each run. Correspondingly, we find that the magnitude of α avg tends to linearly increase with increasing Ω i and V cm,i , as shown in fig. 4(b) . This leads to a similar stopping time for all impact runs regardless of Ω i or V cm,i .
From our measurements of the rotational kinematics, we extend to analyze the dynamics of this motion. A tangential force F tan from the grains acts to accelerate the rotation of the projectile. Starting with α avg , we find that the linear relationship between α avg and Ω i persists for all θ imp , as displayed in fig. 4(c) . We then determine F tan from α avg as F tan = Iα avg /R where I is the rotational inertia of the disk; this is shown in fig.  4(d) . When comparing F tan to the disk weight, F g = 2.6 N, its value is at most 31% of F g , increasing with decreasing θ imp and increasing Ω i . This shows the increasing significance of the tangential force with angled impacts.
In previous simulations, the rotation of a projectile was found to influence the dynamic response of the granular bed and increase the projectile's displacement after impact [18] . We accordingly compare to our results to determine if we have similar findings. We plot the final displacement, r stop versus kinetic energy at impact K i for varying θ imp in fig. 5(a) . The maximum penetration, r stop , is defined as the distance from the impact point of the disk to its position when V cm becomes 0. The data follows logarithmic behavior at a particular impact angle, similar to vertical impact experiments [19] . Increasing θ imp (decreasing Ω i ) leads to decreasing total displacement at the same total impact energy, which supports results of recent simulations [18] . Stopping time T stop remains approximately constant for a given θ imp ; it slightly increases with decreasing θ imp . Note that the disk stops rotating within 10 ms after it stops translating. 
Collisional model of oblique impact
The application of a collisional-based model to vertical granular impact studies correctly captures the inertial drag force [24, 14, 13] . The foundation of this model is that a projectile transfers momentum to grains by way of sporadic collisions exciting force chains that propagate normal to its local surface. From our photoelastic imaging results of the granular response to oblique impact, we propose that we can extend the collisional model to different impact angles. Additionally, since the projectile trajectory entirely follows θ imp , we can treat the net upward force as acting along the − → r direction to apply the collisional model. Similar to the work of Clark et. al. [14] , we propose a simple picture to illustrate the drag force acting on the projectile. In this case, a disk of radius R moves with velocity V = V cm + r × Ω at θ imp with the horizontal through granular media during which it experiences collisions with clusters of grains. When a collision occurs with a cluster of grains, it acts in the normal direction n to the projectile surface. A collision at the perimeter leads to a change in momentum ∆p ∝ m c (V ·n), where m c is the mass of a cluster of grains in time ∆t ∝ d/(V ·n). A particular collision then has a force given by
Here, V ·n simplifies to V cm ·n since the rotational term, Ω · (n × − → r ), is perpendicular ton. Since collisions are likely to occur across the projectile surface during its penetration, the total force is given by
where dl is the length of the interacting surface. For a disk, dl ∝ R and F has the form RV 2 cm . Additionally the length of the interacting surface decreases at low θ imp , as shown, for example, in the photoelastic images of fig. 1 . As grains are displaced for oblique impacts, we observe that collisions are less likely with grain clusters at near horizontal.
We connect this picture to the inertial drag coefficient h by fitting r(T ) and V cm (T ) for all trajectories to the drag force law. An approach was recently demonstrated to reformulate the force law as a differential equation of kinetic energy K with respect to displacement to avoid analysis based on the large fluctuations in acceleration data due to intermittent transmissions of acoustic energy along force chains [25, 12] . Accordingly, the force law can modified as follows
Here we write the equation in terms of total displacement r of oblique impacts. At each θ imp , the collisional term h(r) is then determined from K(r) trajectories. We average the difference over all trajectories K p and obtain h(r)dr, as
Figure 6(a) shows typical K(r) trajectories with similar θ imp . By averaging over all pairs of trajectories, we obtain K p (r) and thus h(r)dr at a particular θ imp using eq. (5), as shown in fig. 6(b) . The slope of the curve gives the average collisional term h avg . We thereby obtain a prediction of inertial drag force for a specific θ imp . When extending to different θ imp , we similarly calculate h avg ; figure 6(c) shows the dependence of h avg on θ imp . At high θ imp , h avg has an approximately constant value. There is then a slight decrease of h avg once θ imp is below 60 degrees, possibly as a smaller length of the disk collides with the granular target. The decline of h avg with decreasing θ imp is also supported by our observations of larger r stop and T stop within the θ imp range.
Conclusion
We investigate the dynamics of a circular projectile obliquely impacting a two-dimensional photoelastic granular bed. Much of its deceleration is dominated by a velocity-dependent inertial drag force, which can be derived from a collisional-based model. Drag from the granular target is due to sporadic, normal collisions with force-carrying clusters of grains. This grain-scale mechanism persists as we vary the impact angle of the projectile. We extend the collisional model to oblique impacts and determined the influence of impact angle on the collisional term using our experimental data of trajectories at varying impact speed. As impact angle is decreased from vertical, the inertial drag force slightly decreases, as a shorter length of the projectile perimeter interacts with the granular target. The results broaden our understanding of the dynamic force response and further supports the collisional model as a connection to the physical origin of the inertial term. Further experiments should investigate how altering the shape of the projectile changes the trajectory and the force chain patterns. This would allow modifications to be made to the collisional model.
